Abstract. The well known Hurwitz upper bound states that a closed Riemann surface S of genus g ≥ 2 has at most 84(g −1) conformal automorphisms. If S has exactly 84(g − 1) conformal automorphisms, then it is called a Hurwitz curve. The first two genera for which there are Hurwitz's curves are g ∈ {3, 7}. In both situations there is exactly one such curve up to conformal equivalence, in particular, in both cases the field of moduli is Q. As these two curves are quasiplatonic curves, they are definable over Q. The Hurwitz's curve of genus g = 3 is given by Klein's quartic x 3 y + y 3 z + z 3 x = 0. The Hurwitz's curve of genus g = 7 is known as Fricke-Macbeath's curve and equations over Q(ρ), where ρ = e 2πi/7 , are known due to Macbeath. Unfortunately, explicit equations over Q are not easy to find for this curve. In this paper we first explain how to construct an explicit model Z 2 of Fricke-Macbeath's curve over Q( √ −7) and an explicit isomorphism L 1 : X → Z 2 , defined over Q(ρ). Next, using that explicit model we construct another explicit isomorphism
Introduction
Let S be a closed Riemann surface of genus g ≥ 2. It is well known that |Aut(S)| ≤ 84(g−1) (Hurwitz's upper bound). If happens that |Aut(S)| = 84(g−1), then one says that S is a Hurwitz's curve. In this case, S/Aut(S) is an orbifold with signature (0; 2, 3, 7) , that is, S = H 2 /Γ, where Γ is a torsion free normal subgroup of finite index in the triangular Fuchsian group ∆ = x, y : x 2 = y 3 = (xy) 7 = 1 acting on the hyperbolic plane H 2 as isometries. As already noticed by Wiman [6] , in genera g = 2, 4, 5, 6 there are no Hurwitz's curves and that for g = 3 there is exactly one (up to holomorphic equivalence); this being Klein's quartic x 3 y + y 3 z + z 3 x = 0; whose automorphisms group is the simple group PSL(2, 7) (of order 168).
In genus g = 7 there is only one (up to conformal equivalence) Hurwitz's curve, called Fricke-Macbeath's curve [4] . It follows from this uniqueness that the field of moduli of Fricke-Macbeath's curve is Q, the field of rational numbers. As quasiplatonic curves can be defined over their fields of modui [8] and Hurwitz's curve are quasiplatonic curves, it follows that Fricke-Macbeath's curve can be defined over Q. It seems that in the literature no equations over Q are written for this curve. The automorphisms group of Fricke-Macbeath's curve is the simple group PSL (2, 8) , consisting of 504 symmetries. In [4] Macbeath computed the following explicit equations over Q(ρ), where ρ = e 2πi/7 , for Fricke-Macbeath's curve involving three particular elliptic curves as follows:
( In the talk [7] there is a misprint for the first of the elliptic curves in equations. In the above model is easy to see a group G ∼ = Z 3 2 of holomorphic automorphisms of X generated by A 1 (x, y 1 , y 2 , y 4 ) = (x, −y 1 , y 2 , y 4 ), A 2 (x, y 1 , y 2 , y 4 ) = (x, y 1 , −y 2 , y 4 ), and A 3 (x, y 1 , y 2 , y 4 ) = (x, y 1 , y 2 , −y 4 ).
In Section 5 we provide a rough explanation about the elliptic curves in the above equations (different from the approach in [4] ) in geometric terms of the highest regular branched Abelian cover of the orbifold X/G of signature (0; 2, 2, 2, 2, 2, 2, 2).
An automorphism of order 7 of Fricke-Macbeath's curve is given in such model by B(x, y 1 , y 2 , y 4 ) = ρx, ρ 2 y 2 , ρ 2 y 4 , ρ 2 y 1 y 2 (x − ρ 5 )(x − ρ 6 ) .
The automorphism B normalizes G and it induces, on the orbifold X/G = C, the rotation T (x) = ρx; moreover, X/ G, B has signature (0; 2, 7, 7), that is, the group G, B defines a regular dessin d'enfants (X, β), where β(x, y 1 , y 2 , y 4 ) = x 7 (called an Edmods map) [3, 7] . Such a dessin d'enfants is seen to be defined over Q(ρ), but it is known to be definable over Q( √ −7) [3] . As a direct consequence of our computations, we obtain an isomorphic dessin defined over Q( √ −7) (see Remark 3.1 in Section 3).
Notice that X also admits the following anticonformal involution We may see that JBJ = B and JA j J = A j , for j = 1, 2, 4. We also have the regular dessin d'enfants (X, δ), where δ(x, y 1 , y 2 , y 4 ) = 1/x 7 . As δ = C •β •J, where C(x) = x, we have that these two dessins are chirals (these are the two dessins in genus 7 whose graph is the complete graph K 8 appearing in [3] ).
In this paper we first describe a theoretical/computational method which permits to obtain an explicit a birational isomorphism, defined over Q(ρ)) L : X → W so that W satisfies that W σ = W for every σ ∈ Gal(Q(ρ)/Q); that is, W is defined over Q. This method is based on the constructive proof of Weil's Galois descent theorem [2] . In order to get explicitly L, one needs to find an explicit set of generators of the invariant polynomials under a suitable linear cyclic group of order 6 acting by permutations on a 24-dimensional space. Unfortunately, it is hard to get (inclusive with MAGMA [10] ) such a set of generators. Instead to proceed in a direct way, we divide this search into two parts. In the first one we explain how to provide (with the help of a computer) an explicit algebraic curve Z 2 defined over Q( √ −7) together an explicit isomorphism L provides an isomorphism between the dessin (X, β) with the dessin (Z 2 , β * ), where β * is defined over Q, that is, the dessin is defined over Q( √ −7). Next, using the explicit model Z 2 , we provide an explicit isomorphism L 2 : Z 2 → W , where W is defined over Q (we are able to see that W is defined over Q without the knowledge of equations for it). As both, Z 2 and L 2 are explicitly given, equations for W over Q are possible to compute (with the help of a computer), but unfortunately they are long to write them in this paper. 
In search of a birational isomorphism
In this section we explain the general ideas in the search of an isomorphism L : X → W , where W is defined over Q. The same ideas will be used in the next sections to obtain it explicitly by working it in two steps.
The Galois extension Q(ρ)/Q has as Galois group Γ = Gal(
and X σ 5 are birationally equivalent. In fact, we may describe explicit birational isomorphisms as follows.
It can be easily checked that the following Weil's co-cycle condition holds
In fact, the last co-cycle condition was used to define f σ j starting from f σ . In particular, f e = I, where e = σ 0 is the identity of Gal(Q(ρ)/Q) and I is the identity automorphism of X. In other words, the collection of birational isomorphisms {f σ j } 5 j=0 is a Weil's datum for X (this is another way to see that X is definable over Q as a consequence of Weil's Galois descent theorem [5] ).
2.2.
Another model for X. Let us consider the rational map
It turns out that Φ : X → Φ(X) is a birational isomorphism (the inverse is just given by the projection on the x-coordinate).
Equations defining the algebraic curve Φ(X) are the following ones
Let us consider the natural permutation action of Γ on the coordinates of C 24 defined by Θ(σ)( x, z, w, u, v, r) = ( z, w, u, v, r, x)
Let us notice that the stabilizer G of Φ(X) is trivial since
Next, we should observe that, for each τ ∈ Γ, the following diagram commutes [2] (2.2)
Similarly, it is not difficult to see that, for every η, τ ∈ Γ, we have that
2.4.
A birational isomorphism. Assume we have computed a set of generators of the algebra of polynomials invariants under the linear action Θ(Γ), say t 1 ,..., t N . It is not difficult to note that we may choose each t j ∈ Q[ x, z, w, u, v, r]. Next, we construct the rational map Ψ :
It can be checked, for each τ ∈ Γ, the following equalities:
Also, it holds (as we have chosen a set of generators of the invariant polynomials for the action of Θ(Γ)) that Ψ is a branched regular cover with Galois group Γ.
It turns out that, if we set W = Ψ(Φ(X)) and
is a birational isomorphism (since the stabilizer G of Φ(X) is trivial).
2.5. W can be defined by polynomials over Q. If τ ∈ Γ, then
This last set of equalities asserts that W can be defined by polynomials with coefficient over Q. In fact, it is almost clear that (using L and the equations for X) that W is defined by a set of polynomial equations over Q(ρ); say by P 1 , . . . , P r ∈ Q(ρ)[t 1 , . . . , t 24 ]. The above set of equalities is telling us that, for each τ ∈ Γ, the polynomials P So, the idea will be to work in two steps. The first one will consist in produce a model for Fricke-Macbeath's curve in the degree two extension Q( √ −7) and then to use that model to obtain a model over Q. In the next two sections we describe these two steps.
3.
Step 1: A model of Fricke-Macbeath's curve over Q( √ −7)
In this section we will explain how to obtain an explicit model for FrickeMacbeath's curve over the quadratic extension Q( √ −7). Mostly of the computations have been carry out with MAGMA [10] and with MATHEMATICA [9] .
Let τ = σ 2 (an element of order 3) and
. Let us consider the rational map
Again, we may see that Φ 1 produces a birational isomorphism between X and Φ 1 (X) (its inverse is just the projection on the x-coordinate; just as for Φ).
Equations defining the algebraic curve Φ 1 (X) are the following ones
,
Next, we consider the linear permutation action of N on the coordinates of C 12 defined by
Again, the stabilizer of Φ 1 (X) is just the trivial group. A generating set of invariant polynomials for the previous linear action can be obtained with MAGMA as
Also, it holds (as we have chosen a set of generators of the invariant polynomials for the action of Θ 1 (N )) that Ψ 1 is a branched regular cover with Galois group N . As in the previous case, it turns out that, if we set Z 1 = Ψ 1 (Φ 1 (X)) and
so Z 1 can be defined by polynomials with coefficient over Q( √ −7). We have tried to compute directly equations for Z 1 using MAGMA and the explicit form of L 1 , but unfortunately we couldn't get an answer (it is very heavy computational task). We will proceed in the search of such equation by hands.
It is clear that
In this way, by replacing the above values for x 2 3 and x 2 4 (obtained in (1) and (2)) in the above equality ( * * ), we obtain the polynomial equation
. Also, if we replace, in equality ( * * * ) the values of
, where x 4 is given in ( * ), then we obtain a polynomial which is of degree one in the variable x 3 .
Then, using ( * ), we obtain
Now, using such values for x 3 and x 4 , and replacing them in (1) and (2) above, we obtain another two polynomials identities P 1 (t 1 , t 3 , t 7 , t 11 ) = 0 and P 2 (t 1 , t 3 , t 7 , t 11 ) = 0, where the polynomials are defined over Q(ρ) (see the Appendix). In this way,
Notice that, by the above computations, we have explicitly the inverse of L 1 given as L −1
, that is, we may write x 1 , x 2 , x 3 and x 4 in terms of t 1 ,..., t 12 (in fact, only in terms of t 1 , t 2 , t 3 , t 7 and t 11 ).
As the variables t 1 ,..., t 12 are uniquely determined only by the variables t 1 , t 2 , t 3 , t 7 and t 11 , if we consider the projection
is a birational isomorphism, where
The inverse (L * 1 )
where x 1 ,..., x 4 are given by the previous formulae. As Z η 1 = Z 1 , for every η ∈ N , as as π is defined over Q, we see that Z η 2 = Z 2 , for every η ∈ N , that is, Z 2 can be defined by polynomials over Q( √ −7)
. To obtain such equations over Q( √ −7), we replace each polynomial P j (j = 3, 4) by the polynomials (with coefficients in Q( √ −7))
that is
We have obtained an explicit model Z 2 for Fricke-Macbeath's curve over Q(
Remark 3.1. Notice that the regular dessin d'enfants (X, β), given in the Introduction, is isomorphic to that provided by the pair (Z 2 , β * ), where β * (t 1 , t 2 , t 3 , t 7 , t 11 ) = (t 1 /3) 7 ; that is, such a dessin d'enfants is defined over Q( √ −7).
4.
Step 2: A model of Fricke-Macbeath's curve over Q Let us now consider the explicit model
, constructed in the previous section. We keep the same notations. Let M = Gal(Q( √ −7)/Q) = η ∼ = Z 2 , where η is the complex conjugation.
As already noticed in the Introduction, X admits the following anticonformal involution
In this way,
It is not difficult to see that by setting g e = I and g η = S • T , where S(t 1 , t 2 , t 3 , t 7 , t 11 ) = (t 1 , t 2 , t 3 , t 7 , t 11 ), we obtain a Weil's datum for Z 2 . Now, identically as done before, we consider the rational map , s 2 , s 3 , s 7 , s 11 ) . Then, again we may see that Φ 2 induces a birational isomorphism between Z 2 and Φ 2 (Z 2 ).
In this case,
In this case, the Galois group M induces the permutation action Θ 2 (M ) defined as
A set of generators for the invariant polynomials (with respect to the previous permutation action) is given by Then the rational map Ψ 2 : C 10 → C
10
(t 1 , t 2 , t 3 , t 7 , t 11 , s 1 , s 2 , s 3 , s 7 , s 11 ) → (q 1 , q 2 , q 3 , q 4 , q 5 , q 6 , q 7 q 8 , q 9 , q 10 ) satisfies the following properties:
There are two possibilities:
(1) Φ 2 (Z 2 ) = Φ 2 (Z 2 ); in which case Z η 2 = Z 2 and Z 2 will be already defined over Q (which seems not to be the case); and (2) the stabilizer of
Under the assumption (2) above, we have that
is a birational isomorphism and that, as before, W is defined over Q. That is, the map L 2 = Ψ 2 • Φ 2 : Z 2 → W is an explicit birational isomorphism and W is defined over Q. In this way, L = L 2 • L * 1 : X → W is an explicit birational isomorphism as desired at the beginning. Now, again as in the previous section, as R 2 and Z 2 are explicitly given, one may compute explicit equations for W over Q( √ −7), say by the polynomials A 1 , ..., A m ∈ Q( √ −7)[q 1 , ..., q 10 ] (this may be done with MAGMA [10] or by hands, but computations are heavy and very long). We do not write these equations as they are large expressions to be written down in this paper (anyway, all of this can be done explicitly with the computer). To obtain equations over Q we replace each A j (which is not already defined over Q) by the traces A j + A η j , iA j − iA η j .
5.
A remark on the elliptic curves in (1. H, say a 1 ,. .., a 6 , so that the only elements of H acting with fixed points are these and a 7 = a 1 a 2 a 3 a 4 a 5 a 6 . In fact, S corresponds to the algebraic curve (called the homology cover of S/H)
= 0
and a j is just multiplication by −1 at the coordinate x j . The regular branched cover P : S → C is given bt P ([x 1 : x 2 : x 3 : x 4 : x 5 : x 6 ::
The branch locus of P is given by the set of the 7th-roots of unity {λ 1 , ..., λ 7 }. All details can be found in [1] .
By classical covering theory, there should be a subgroup K < H, K ∼ = Z 3 2 , acting freely on S so that there is an isomorphism φ : S → S/K with φGφ −1 = H/K. Let us also observe that the rotation R(z) = ρz lifts under P to an automorphism T of S of order 7 of the form
for suitable comples numbers c j . One has that T a j T −1 = a j+1 , for j = 1, ..., 6 and T a 7 T −1 = a 1 . The subgroup K above must satisfies that T KT −1 = K as R lifts to Fricke-Macbeath's curve (as noticed in the Introduction). . In this way, we may see that every involution of H/K is induced by one of the involutions (and only one) with fixed points; so every involutions in L acts with 4 fixed points.
About the elliptic curves in
Let a * i , a * j ∈ H/K be any two different involutions, so a * i , a * j
. Then, by Riemann-Hurwitz, the quotient surface S/ a * i , a * j is a closed Riemann surface of genus 1 with six cone points of order 2. These six cone points are projected onto three of the cone points of S/H. These points are λ i , λ j and λ r , where a * r = a * i a * j . In this way, the genus one surface is given by the elliptic curve
So, for instance, if we consider i = 2 and j = 3, then r = 5 and the elliptic curve is
If i = 1 and j = 2, then r = 4 and the elliptic curve is
If i = 1 and j = 3, then r = 7 and the elliptic curve is
We have obtained the three elliptic curves appearing in the Fricke-Macbeath's curve (1.1).
5.3.
Another model for Fricke-Macbeath's curve. The above description of Fricke-Macbeath's curve in terms of the homology cover S permits to obtain an explicit model. Let us consider now an affine model of S, say by taking x 7 = 1, with we denote by S 0 . In this case the involution a 7 is multiplication of all coordinates by −1. A set of generators for the algebra of invariant polynomials in C[x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ] under the natural linear action induced by K is
t 9 = x 1 x 4 x 6 , t 10 = x 1 x 3 x 4 x 5 , t 11 = x 2 x 4 x 5 x 6 , t 12 = x 2 x 3 x 4 , t 13 = x 3 x 5 x 6 .
If we set
F (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) = (t 1 , t 2 , t 3 , t 4 , t 5 , t 6 , t 7 , t 8 , t 9 , t 10 , t 11 , t 12 , t 13 ), then F ( S 0 ) will provide a model for Fricke-Macbeath's curve S (affine). Equations for such an affine model of S are
Of course, one may see that the variables t 2 , t 3 , t 4 , t 5 and t 6 are uniquely determined with the variable t 1 . Other variables can also be determined in order to get a lower dimensional model. 
Appendix
P 3 (t 1 , t 3 , t 7 , t 11 ) = 4782969 − 4782969ρ − 19131876ρ 2 − 4782969ρ 3 − 4782969ρ 4 − 4782969ρ 5 − 1594323t 1 − 23914845ρt 1 − 28697814ρ 2 t 1 − 1594323ρ 5 t 1 − 3188646t 2 1 − 19663317ρtt 3 −12754584t 1 t 3 −6377292ρt 1 t 3 +6377292ρ 3 t 1 t 3 − 9565938ρ 4 t 1 t 3 − 3188646t 2 1 t 3 − 4251528ρt 2 1 t 3 + 5314410ρ 2 t 2 1 t 3 + 4251528ρ 3 t 2 1 t 3 − 5314410ρ 4 t 2 1 t 3 − 4251528ρ 5 t 2 1 t 3 − 1771470t 3 1 t 3 − 2125764ρt 3 1 t 3 + 1062882ρ 3 t 3 1 t 3 − 4251528ρ 4 t 3 1 t 3 −5314410ρ 5 t 3 1 t 3 +236196t 4 1 t 3 −708588ρt 4 1 t 3 −354294ρ 2 t 4 1 t 3 +708588ρ 3 t 4 1 t 3 − 1889568ρ 4 t 4 1 t 3 −2125764ρ 5 t 4 1 t 3 +236196t 5 1 t 3 −314928ρt 5 1 t 3 −314928ρ 2 t 5 1 t 3 +39366ρ 3 t 5 1 t 3 − 669222ρ 4 t 5 1 t 3 −905418ρ 5 t 5 1 t 3 +78732t 6 1 t 3 −104976ρt 6 1 t 3 −183708ρ 2 t 6 1 t 3 −13122ρ 3 t 6 1 t 3 − 209952ρ 4 t 6 1 t 3 − 301806ρ 5 t 6 1 t 3 + 39366t 7 1 t 3 − 26244ρt 7 1 t 3 − 56862ρ 2 t 7 1 t 3 + 4374ρ 3 t 7 1 t 3 − 56862ρ 4 t 7 1 t 3 − 87480ρ 5 t 7 1 t 3 + 16038t 8 1 t 3 − 7290ρt 8 1 t 3 − 20412ρ 2 t 8 1 t 3 − 2916ρ 3 t 8 1 t 3 − 16038ρ 4 t 8 1 t 3 −30618ρ 5 t 8 1 t 3 +4860t 9 1 t 3 −1458ρt 9 1 t 3 −9234ρ 2 t 9 1 t 3 −1944ρ 3 t 9 1 t 3 −4374ρ 4 t 9 1 t 3 − 8262ρ 5 t 9 1 t 3 +1944t 10 1 t 3 −162ρt 10 1 t 3 −2268ρ 2 t 10 1 t 3 −486ρ 3 t 10 1 t 3 −324ρ 4 t 10 1 t 3 −972ρ 5 t 10 1 t 3 + 270t 11 1 t 3 − 54ρt 11 1 t 3 − 594ρ 2 t 11 1 t 3 − 324ρ 3 t 11 1 t 3 + 108ρ 4 t 11 1 t 3 − 162ρ 5 t 11 1 t 3 + 18t 12 1 t 3 + 18ρt 12 1 t 3 −108ρ 2 t 12 1 t 3 −18ρ 3 t 12 1 t 3 +54ρ 4 t 12 1 t 3 +36ρ 5 t 12 1 t 3 +6t 13 1 t 3 +6ρt 13 1 t 3 +6ρ 3 t 13 1 t 3 + 12ρ 4 t 13 1 t 3 +12ρ 5 t 13 1 t 3 −9565938ρt 11 t 3 +9565938ρ 3 t 11 t 3 +3188646t 1 t 11 t 3 +3188646ρt 1 t 11 t 3 + 6377292ρ 2 t 1 t 11 t 3 +6377292ρ 3 t 1 t 11 t 3 +6377292ρ 4 t 1 t 11 t 3 −3188646ρ 5 t 1 t 11 t 3 +6377292ρt 2 1 t 11 t 3 + 5314410ρ 2 t 2 1 t 11 t 3 +1062882ρ 3 t 2 1 t 11 t 3 +1062882ρ 4 t 2 1 t 11 t 3 +1062882ρ 5 t 2 1 t 11 t 3 −1771470t 3 1 t 11 t 3 − 708588ρt 3 1 t 11 t 3 +708588ρ 2 t 3 1 t 11 t 3 −1417176ρ 3 t 3 1 t 11 t 3 −2480058ρ 4 t 3 1 t 11 t 3 −1771470ρ 5 t 3 1 t 11 t 3 − 236196ρt 4 1 t 11 t 3 +118098ρ 3 t 4 1 t 11 t 3 −118098ρ 4 t 4 1 t 11 t 3 −590490ρ 5 t 4
